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Abstract
The coupling between the Lyapunov variables and system matrices makes the problem of mixed H2/H flight tracking con-
troller design non-convex. With the aid of enhanced linear matrix inequality (LMI) approach, the non-convex optimization prob-
lem is transformed into convex LMI representations. The proposed coupling is eliminated by introducing slack variables. More-
over, a necessary and sufficient condition is derived for the mixed H2/H flight tracking controller which not only stabilizes the 
controlled system but also satisfies the mixed H2/H performance index in normal case and fault cases. The new enhanced LMI 
representations provide additional degrees of freedom to solve the non-convex optimization problem, and reduce the conserva-
tiveness of the controller design. Simulation results of the aero-data model in a research environment (ADMIRE) model show 
the advantages of the enhanced LMI approach. 
Keywords: mixed H2/ H control; flight control; tracking; reliable control; linear matrix inequality 
1. Introduction*
It is well known that H2 control is more adopted to 
deal with transient performance while H control 
guarantees robust stability faced with uncertainties and 
disturbances. The most general motivation for mixed 
H2/H control problem is to manage the trade-off be-
tween the system performance and robustness. Mixed 
H2/H control considers a mixed design framework 
that can integrate optimal transient performance and 
robustness into a single controller. In 1989, the mixed 
H2/H control was firstly introduced by Bernstein[1]
that minimized the H2 norm of one closed-loop func-
tion subject to the H norm constraint of another 
closed-loop function. Subsequently, some numerical 
methods for mixed H2/H control have been developed 
based on convex optimization approaches in Refs.[2]- 
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[3]. Whorton[4] investigated a homotopy algorithm for 
fixed-order mixed H2/H controller synthesis and veri-
fied the feasibility of the proposed method via the ex-
perimental flexible space structure. Limebeer, et al.[5]
proposed Nash game approach for mixed H2/H con-
trol in a time domain. With the development of nu-
merical methods for linear matrix inequality (LMI) 
problem[6] in the last decade, the LMI-based meth-
ods[7-10] are very powerful to solving mixed H2/H
control problem.   
In this paper, we study the mixed H2/H tracking 
control problem of flight control system against actua-
tor faults. A multi-objective optimization problem in-
cluding many kinds of actuator faults has been solved 
through an enhanced LMI method. The paper is or-
ganized as follows. Section 2 formulates the problem 
under consideration. We design a mixed H2/H track-
ing controller using an enhanced LMI method in Sec-
tion 3. Simulation results of the proposed controller 
which is implemented in the aero-data model in a re-
search environment (ADMIRE) with actuator faults 
and disturbances are presented in Section 4. Finally, 
conclusions are drawn in Section 5. Open access under 
CC BY-NC-ND license.
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2. Problem Statement 
A linear aircraft model with actuator faults modeled 
by control effectiveness factors can be represented as 
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where x(t)Rn is the state, u(t)Rm the control input, 
w(t) Rh the disturbance and y(t) Rp the output; A,
B, C and G are known real constant matrices that de-
scribe the nominal system with appropriate dimen-
sions; ZL is a set of matrices of actuator effectiveness 
factors and satisfies 
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where LiZ  and LiZ  represent the lower and upper 
bounds of ZLi respectively. Partial loss of the control 
effectiveness is given by 0<ZLi <1. It is worth men-
tioning that ZLi=0 means total outage of the ith actua-
tor and ZLi=1 denotes a healthy ith actuator. 
To study the fault-tolerant control against actuator 
faults, the fault model of actuators must be established 
firstly. Let uF(t) describe the actuator output in the 
event of failures, then uF(t) can be represented: 
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Based on the standard optimal tracking problem set-
ting, the reference signal is taken as a disturbance in 
system[11]. It is well known that the tracking error inte-
gral action of a controller can effectively eliminate the 
steady-state tracking error. In order to obtain a tracking 
controller with state feedback plus integral action of 
the tracking error[12], we restructure the linear aircraft 
model Eq.(1) as an augmented system and the 
state-space description is shown by 
0
( )d( )
( )
( )    ( )
t
L
t tt
t
t t
ª ºª º ª º ª º« »  « » « » « »« »¬ ¼ ¬ ¼ ¬ ¼¬ ¼
³0 0
0
ee MC
u
x A Bx
Z
    ( )
    ( )
t
t
ª º ª º« » « »¬ ¼ ¬ ¼
0
0
I r
G w
              (3) 
where r(t)ęRl is reference signal and MRl×p a 
known constant matrix to select the manipulated out-
put. The manipulated output My(t) tracks the reference 
signal r(t) without tracking error e(t), that is 
lim ( ) , ( ) ( ) ( )
t
t t t tof   0e e r My       (4) 
Define  the  augmented  stat T
0
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t
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T T( )]tx and disturbance TT T( ) [ ( ) ( )]t t t v r w , then 
Eq.(3) can be simplified as 
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3. Main Results
Consider the following state-feedback controller for 
the augmented system Eq.(3): 
0
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where K=[Ke Kx]Rm×(l+n).
 Then, the augmented closed-loop system Eq.(5) is 
represented by 
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where z2(t) and z(t) are H2 and H performance out-
puts, respectively; C2, D2, C and D are parameter 
matrices with proper dimensions. 
In the following controller design, we will solve the 
mixed H2/H constrained optimization problem: 
2
2 2min   subject to Jf fd& & & &z w z wT T      (8) 
where Tz2w and Tzw are the closed-loop transfer func-
tion matrices from w(t) to z2(t) and from w(t) to z(t).
Lemma 1[13] Let Z be any given positive-definite 
matrix. For a given symmetric matrix Ȍ, the following 
statements are equivalent: 
(1)
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is feasible with respect to W.
Lemma 2 (H2 performance)  Given upper bound 
O>0, if there exist symmetric positive definite matrices 
X, W and general matrix Y satisfying  
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where state-feedback gain matrix K=YXí1. Then, the 
controller stabilizes the closed-loop system and the 
upper bound of H2 performance index is O.       
Lemma 3 (H performance)  Given an upper 
bound J > 0, if there exist symmetric positive definite 
matrix X and general matrix Y satisfying  
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where state-feedback gain matrix K=YXí1. Then, the 
controller robustly stabilizes the closed-loop system 
and the upper bound of H performance index is J.     
Theorem 1  For all L=0,1,…,2m1, given upper 
bounds of H2 and H are OL>0 and JL>0 respectively, if 
there exist symmetric positive definite matrix variables 
XLR(l+n)×(l+n), WLR(l+n)×(l+n) and general matrix vari-
ables V, S and TL satisfying 
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where TL = 1L
X V and state-feedback gain matrix K=
SVí1. Then, the mixed H2/H tracking control problem 
can be solved.       
Proof  Pre- and post-multiplying Eq.(12) by diag(P,
I, I) with P=Xí1, then, we get  
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According to the Schur complement theorem[14], the 
LMI Eq.(14) is equivalent to
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where W11=Cf+DfZLK. Then, Eq.(16) converts into 
Eq.(17) through pre- and post-multiplying diag(I, Pí1).  
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Making use of congruence transformation diag(V, I)
with V=Wí1 and Z=P=Xí1, Eq.(17) in turn becomes 
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To different fault modes, replace the same matrix 
variable X by different matrix variables XL. Then, we 
can get the first LMI in Eq.(13) which is about Hf
performance. The proof of other LMIs in Eq.(13), 
which is about H2 performance, is similar to H per-
formance. This completes the proof.                             
Remark 1  Theorem 1 gives a sufficient condition 
that guarantees the augmented closed-loop system 
Eq.(7) is robustly stable and satisfies H2 and H norm 
bounds simultaneously. To reduce conservativeness, 
the presumed actuator faults are introduced into LMIs 
Eq.(13) through different Lyapunov functions Ȟ(x,
L)=xTXLx. That means the first Lyapunov variable X1
responds to the first fault, and the second Lyapunov 
variable X2 responds to the second fault, and so on. 
Remark 2  The new augmented LMI representa-
tions eliminate the coupling of Lyapunov variable and 
system matrices by introducing slack variable V (slack 
variable) which provides additional degrees of free-
dom. These LMI representations reduce the algorithm 
conservativeness by using general matrix variable V to 
replace symmetric positive definite matrix X.
4. Flight Control Example 
The ADMIRE model describes a single seated, sin-
gle engine, small fighter aircraft with a delta-canard 
configuration. The linear aircraft model used here has 
been obtained in a low-speed state of Mach 0.22 and 
an altitude of 3 000 m. Details of the ADMIRE model 
can be found in Ref.[15]. In this linear aircraft model, 
the state is x(t)=[D E  p  q  r]T and the reference 
signals are D, E, p, where D is angle of attack (°), E
sideslip angle (°), p roll rate ((°)/s), q pitch rate ((°)/s),
r yaw rate ((°)/s). u(t)=[Grc Glc Groe Grie Glie Gloe
Gr]T is control surface deflection (°), which describes 
the deflections of right and left canard, right outer and 
inner elevon, left inner and outer elevon, rudder re-
spectively. 
We introduce seven kinds of actuator faults into 
LMIs to design mixed H2/H tracking controller. Con-
sidering the worst situation of actuator failure, we 
suppose the actuator is outage, namely, the effective-
ness factors of actuator decrease to zero. Thus, every 
fault mode meets the following conditions: one effec-
tiveness factor ZLi=0 and other six effectiveness fac-
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  Select the following proper weighting matrices 
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Then the state-feedback gain matrix can be obtained 
by using the proposed enhanced LMI algorithm: 
ELMI
6.984 9 6.907 6 0.043 3 5.082 1 4.987 9 0.402 5 1.822 4 3.603 7
6.985 3 6.931 9 0.049 7 5.082 8 4.958 8 0.403 0 1.823 4 3.604 9
4.664 8 0.268 6 7.541 4 3.215 6 1.922 9 1.443 2 0.961 0 0.581 2
7.069 8 2.493 7 7.047 7 4.544 4 3.144 1 1.050
   
    
  
   K 9 1.272 6 1.354 1
7.070 8 2.474 2 7.049 7 4.545 4 3.166 8 1.050 5 1.272 7 1.353 3
4.664 0 0.254 0 7.543 9 3.214 8 1.938 4 1.443 2 0.961 0 0.580 1
0.032 2 14.073 3 2.102 2 0.019 5 10.521 5 0.616 0 0.003 9 4.700 5
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For comparison, the normal LMI control law KNLMI is obtained by using the method presented in Ref.[14]. 
NLMI
2.705 0 1.027 8 0.347 3 2.859 1 1.095 0 0.277 3 0.990 4 0.694 1
2.705 0 1.037 2 0.348 0 2.859 6 1.077 8 0.277 4 0.990 8 0.694 6
2.062 1 0.082 7 2.308 8 2.017 9 1.330 7 1.100 7 0.656 1 0.400 8
3.5951 0.600 7 2.097 9 3.522 0 1.828 0 0.950
   
    
  
   K 7 1.146 3 0.688 7
3.596 4 0.590 4 2.098 7 3.5231 1.848 7 0.950 8 1.146 6 0.688 2
2.062 6 0.076 8 2.309 3 2.018 6 1.342 6 1.100 7 0.656 4 0.400 5
0.017 9 4.138 4 0.519 5 0.015 2 4.714 9 0.658 7 0.004 3 2.6381
ª º« »« »« »« »« »« »   « »   « »« »   ¬ ¼
Simulations are carried out by using the linear air-
craft model of ADMIRE. To be close to the real sys-
tem, a vertical gust disturbance of 6 m/s is considered 
in the simulations. Fig.1 shows the response curves of  
Fig.1  Response curves of output. 
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output in two kinds of actuator failures. When the ac-
tuator of right canard is total outage in 10 s, the re-
sponse curves of two controllers are similar. However, 
it is easy to see that the enhanced LMI controller pro-
vides more improvement of transient behavior than 
normal LMI controller. As the number of actuator fail-
ures increases, namely, left canard and right inner 
elevon actuators lose simultaneously, we also see that 
the enhanced LMI controller guarantees the stabiliza-
tion of system and gets less degraded performance. 
However, the normal LMI controller cannot stabilize 
the system in this situation. 
5. Conclusions 
This paper investigates the mixed H2/H tracking 
control applied to flight control system against actuator 
faults. The mixed H2/H tracking controller not only 
stabilizes the controlled system but also satisfies the 
mixed H2/H norm bound in normal case and fault 
cases. The new enhanced LMI representations reduce 
the algorithm conservativeness by using slack variable 
which provides additional degrees of freedom. The 
simulation results of ADMIRE model demonstrate the 
effectiveness of the proposed controller. 
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